It has previously been found that a magnetic impurity in a conventional s-wave superconductor can give rise to a local π-phase shift of the superconducting order parameter. By studying a finite wire of ferromagnetic impurities, we are able to trace the origin of the π-phase shift to a resonance condition for the Bogoliubovde Gennes quasiparticle states. When non-resonating states localized at the impurity sites are pulled into the condensate for increasing magnetic strength, the superconducting order parameter is reduced in discrete steps, eventually resulting in a π-phase shift. We also show that for a finite spin-orbit coupling, the π-phase shift is preserved and occurs in a large portion of the topologically non-trivial phase.
I. INTRODUCTION
The superconducting state differs in one major regard from the normal state of a metal in that it without resistance can carry current, even in the presence of imperfections in the crystal. In fact, conventional fully gapped s-wave superconductors are remarkably stable and unaffected by potential and other general time-reversal-invariant disorder, as established by the Anderson theorem. 1 However, for magnetic impurities, large enough concentrations are detrimental for superconductivity and even a single magnetic impurity notably modifies the properties of the superconductor locally around the impurity. The study of individual impurities can even reveal important features of the superconducting condensate itself. 2 It is well-known that magnetic impurities in conventional s-wave superconductors give rise to localized intra-gap states, called Yu-Shiba-Rusinov (YSR) states. [3] [4] [5] With increasing magnetic impurity strength, two YSR states leave the energy gap edges and progress into the energy gap as quasiparticle excitations of the superconducting condensate. At some critical impurity strength, the YSR states cross each other at the Fermi level and in the process induce a quantum phase transition. The new ground state is a paired condensate for all but the impurity bound state, which results in the magnetic moment being reduced by 1 2 . Previous numerical calculations have also revealed that this YSR state crossing can be associated with an intriguing π-shift in the phase of the local superconducting order parameter. 2, [6] [7] [8] However, so far the origin of this phenomenon has not been fully understood.
In this work we study a finite one-dimensional line of magnetic impurities, on which the individual YSR states can be understood to hybridize and form YSR bands. [9] [10] [11] We show that the absolute value of the superconducting order parameter on the wire is reduced in discrete steps every time an individual YSR state crosses the Fermi level. For sufficient many crossings, this results in a change of sign in the superconducting order parameter along the wire, which generalizes the single impurity π-shift to impurity wire configurations. We trace the origin of the π-shift to a certain type of resonance among the Bogoliubov-de Gennes quasiparticles; it is a result of quasiparticle states which are out-of-phase with the condensate being pulled down below the Fermi level, and thus contributing to the superconducting order parameter. In fact, we show that it is possible to define a corresponding resonance energy for any quasiparticle state, which contributes negatively or positively to the total energy of the ground state depending on whether it is in-or out-of-phase with the condensate, respectively. Motivated by the recent interest in Rashba spin-orbit coupled s-wave superconductors in the context of topological superconductivity, [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] we also investigate the effect of including a Rashba spin-orbit interaction in the superconductor. We find that the discrete steps become smoother, but that a superconducting order parameter π-shift is still present in a large portion of the topologically non-trivial phase. We also carefully study the superconducting phase in the vicinity of the wire, which we find to be almost always completely unaffected and fixed at zero, apart from in a very narrow range around the π-phase transition in the wire, where we find small phase gradients in the superconducting order parameter. These gradients are independent on spin-orbit coupling and thus cannot be related to previously detected persistent supercurrents around magnetic impurities. 22, 23 
II. MODEL
In order to study a generic conventional s-wave superconductor with ferromagnetic impurities, we consider the following two-dimensional model Hamiltonian 11, [22] [23] [24] [25] [26] [27] [28] [29] 
where c † iσ (c iσ ) are creation (annihilation) operators on a twodimensional square lattice. Here t is the nearest neighbor hopping parameter and µ the chemical potential, which generates a generic kinetic energy for the superconductor. For concreteness we set t = 1 and µ = 0, but qualitatively, our results are not sensitive to the particular choice of µ. We also allow for a finite Rashba spin-orbit interaction in the superconductor with strength α, b being a vector pointing along the nearest neighbor bonds, and θ b being the polar angle of b. We mainly focus on the case α = 0, but consider a finite spin-orbit coupling in the last section. The superconducting condensate only includes on-site pairs, resulting in a fully isotropic superconducting order parameter in the translationally invariant bulk, while spatial inhomogeneities can still give rise to a sitedependent ∆(i). The ferromagnetic impurities we model as local magnetic impurity spins in the classical limit, in order to recover the well-known YSR states in the single impurity limit. The ferromagnetic impurities effectively influence the superconductor through a Zeeman exchange field term, which we assume to take a fixed value V z ∈ [0, 2.56], which covers the whole range of YSR state behaviors.
We solve Eq. (1) on a lattice of size 19 × 36, with magnetic impurities in a wire segment of length 18 in the middle of the lattice. We use a four-by-four (per site) Nambubasis ( c i↑ c i↓ c † i↑ c † i↓ ), in which the Bogoliubov-de Gennes Hamiltonian takes the form
where H 0 (i, j) is the normal state Hamiltonian,
and with the νth eigenstate denoted by
T . For the conceptual discussion we will also find it useful to refer to the corresponding continuum expression, where we simply replace the i, j dependence with a dependence on spatial vector x. In order to fully capture the effects of the magnetic impurities on the superconducting state we calculate the superconducting order parameter self-consistently:
using a fixed on-site pair potential, which we set to V sc = 1.6, resulting in ∆ ≈ 0.2 in the absence of magnetic impurities.
III. RESONATING QUASIPARTICLE STATES
Before studying the influence of the magnetic impurities, we begin by noting that the existence of a finite superconducting order parameter can be understood as a result of a certain type of resonance between the Bogoliubov-de Gennes quasiparticles. While the superconducting order parameter is calculated using the full sum in Eq. (4), we can also consider the individual terms (v * νi↓ u νi↑ − v * νi↑ u νi↓ ) in the sum. For each occupied quasiparticle state, this quantity contributes to the total order parameter of the condensate. For a total order parameter to develop, some of these individual terms obviously needs to be non-zero, corresponding to fractional occupation of electron pairs. But it is also important that the electron pairs on average have the same phase, or are in-phase with each other, otherwise the terms will interfere destructively. In other words, a sizable fraction of occupied quasiparticle states need to be in resonance with each other in order for superconductivity to develop, where with resonance we simply mean that the relative phase arg(v * νi↓ u νi↑ − v * νi↑ u νi↓ ) is the same for different eigenstates, i.e. the same phase between the electron and hole components for different eigenstates. To be able to compare relative phases between different quasiparticle states, we choose the bulk phase ∆/|∆| of the condensate as reference and define the quantity
If θ ν (i) = 0, we say that the νth quasiparticle state is inphase, or in resonance, with the condensate at site i, while θ ν (i) = ±π corresponds to an eigenstate that is completely out-of-phase, or out of resonance, with the condensate at site i.
In Fig. 1 we plot a histogram of θ ν (i), taken over all ν and i and weighted by |δ ν (i)|, for a conventional s-wave superconductor. As seen, the quasiparticle states with E ν < 0 (red lines) and E ν > 0 (blue lines) to a very high degree satisfies
The point (Eν , arg(δν ))) plotted for each eigenstate of a conventional s-wave superconductor with a generic band structure and no spin-orbit coupling.
|θ ν (i)| < π/2 and |θ ν (i)| > π/2, respectively. That is, states below the Fermi level tend to be overall more in-phase with the condensate at each point in space, while those above tend to be more out-of-phase with it. In fact, states close to the Fermi level (dashed lines) have phases much closer to θ = 0 for occupied states and θ = ±π for unoccupied states, than those that are further away from the Fermi level.
We can also sum the distributions in Fig. 1 over either eigenstate or site index. If we sum over all occupied eigenstates ν, the non-zero phases average out and give rise to a non-zero order parameter with phase θ = 0 at each site i, as we expect for a conventional s-wave superconductor. This is despite the fact that each distribution peaks around ±π/2. Interestingly, if we instead sum over all sites i:
where N is the number of lattice sites, the final phase is either 0 or π, depending on the state being below or above the Fermi level, respectively, as we show in Fig. 2 . That is, even though each occupied quasiparticle state is not necessarily inphase with the condensate at every point in space, it is still perfectly in-phase if spatially averaged. Based on this observation, we can use the quantity sgn [Re (δ ν )] to classify individual quasiparticle states as on average (in space) being in-or out-of-phase with the condensate. A schematic diagram over the relation between δ ν (i), δ ν , and ∆(i) can be seen in Fig. 3 .
Further motivation for, and insight into, why it is the real part of δ ν that is of interest can be obtained by considering the Rows correspond to eigenstates, while columns corresponds to sites in space, with each square corresponding to one δν (i). The parameter δν that is used to classify eigenstates as being in-or out-of-phase with the condensate is obtained by summing horizontally over all spatial indices in a single eigenstate, while the order parameter ∆(i) is obtained by summing vertically over all eigenstate indices below the Fermi level.
energy of a single quasiparticle state, which can be written as
It is clear that the first term in Eq. (7) is the energy contribution from fractionally occupied electron and hole states. The second term can be rewritten as
From this it directly seen that the quasiparticle states get an additional energy contribution that is negative or positive depending on whether they are in-or out-of-phase with the condensate, respectively. We can thus think of this as a resonance energy for the quasiparticle state. With this insight it is clear that the expression in Eq. (6) is very closely related to the total resonance energy of the quasiparticle state. Note, however, that δ ν (i) has been defined with the bulk phase of the superconducting order parameter in the denominator in order to be able to determine whether the state is in-or out-of-phase with the whole bulk condensate. In contrast, the term that enters into the resonance energy in Eq. (8) has the local order parameter in the denominator. In cases where the order parameter varies in space, it is really whether the state is in-or out-ofphase with the local order parameter that is of importance for the energetics. However, here we are primarily interested in the phase relative to the surrounding bulk, in which case Eq. 6 is the relevant quantity.
IV. FERROMAGNETIC WIRE
Previous studies of single magnetic impurities in conventional s-wave superconductors have found a sign change, or π-shift for the superconducting order parameter locally at the impurity site 2,6-8 . Here we extend this study to a onedimensional wire of ferromagnetically aligned magnetic impurities. As it turns out, several impurities results in a richer behavior and is also more helpful for understanding the phenomenon itself. Ferromagnetic wires can also be used as the basic building block for engineering various types of π-junctions. Moreover, by also allowing for a finite spin-orbit coupling, which we do in the next section, a non-trivial onedimensional topological state can be achieved, which host Majorana fermions at the wire end points, and is a system that have recently generated a significant amount of interest. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] In Fig. 4 we plot the energy spectrum for a ferromagnetic impurity wire embedded in a two-dimensional conventional s-wave superconductor and mark the eigenstates red or blue according to whether they are in-or out-of-phase with the condensate, respectively, using the quantity sgn [Re (δ ν )]. It is clear that for V z = 0, all states below the Fermi level are in resonance with the condensate, in natural agreement with the results in Fig. 2 . As the strength of the Zeeman term on the wire is increased, the YSR impurity states are pulled deeper into the gap and towards the Fermi level. Eventually, these states start to cross the Fermi level. Each time this happens a state that is in-phase with the condensate is deoccupied, while another state that is out-of-phase with the condensate becomes occupied. It is therefore natural to expect that the order parameter suddenly decreases at each such Fermi level crossing.
In Fig. 5 we plot the local superconducting order parameter at each site of the wire (blue lines), overlayed on the energy spectrum (thin black lines), and it is clear that the local order parameters indeed exhibit discrete downwards jumps at each level, the order parameter makes a jump, but the magnitude of the jump is different depending on wire site. This can easily be understood since the wave function of the quasiparticle states have different amplitudes on different sites, and thus its influence on the order parameter is naturally site dependent. At strong enough Zeeman fields the order parameter on the wire changes sign compared to the surrounding bulk condensate and thus there is a local π-shift concentrated along the ferromagnetic impurity wire. As can be expected from the different sizes of the jumps in the order parameter, this does not happen at each wire site for one fixed Zeeman term, but rather different sites acquires a π-shifted order parameter at slightly different magnetic strengths. We illustrate this in Fig. 6 where we plot the phase of the superconducting order parameter on the sites along a line going through the magnetic wire as function of the magnetic strength V z . Clearly, the superconducting order parameter is π-phase shifted for the whole wire for large enough V z , but there is a finite transition region where some, but not all, sites along the wire experience a π-shift. We also note that the π-shift is highly localized to the wire sites, and does not spread even to the neighboring sites. The π-shift for a single impurity has previously been found to be of similarly short-ranged character, with an extent that is proportional to the Fermi wave length k F . 7 We finally also make a note about the change of phase that occurs for the YSR states beyond the Fermi level crossing at high V z , as seen in Fig. 4 . It is clear that the real part of δ ν eventually changes sign to that of the condensate again, as the states are pulled deep enough below the Fermi level. Naively this change of sign could be expected to give rise to a compensatory upward jump in the order parameter. However, we remember that δ ν is calculated as an average of δ ν (x) over the whole sample. The change in sign here merely reflects that the state in some spatial regions becomes in-phase with the bulk condensate but it can still stay out-of-phase in other regions, which is exactly what happens for the wire sites.
V. RASHBA SPIN-ORBIT INTERACTION
We now turn to the situation where we allow for a finite Rashba spin-orbit interaction in the superconductor. For a range of V z values the wire now enters a non-trivial one-dimensional superconducting topological phase. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] The YSR states moving through the energy gap from above and below do not couple to each other when only s-wave superconductivity and a Zeeman term is present. However, once a Rashba spin-orbit interaction is introduced, the states can couple to each other, which tends to push these intragap states away from the Fermi level. 11 As is clearly visible in Fig. 7 , it also leads to avoided crossings. Moreover, the character of the YSR states above and below the Fermi level are now mixed with each other as the strength of the Zeeman term increases. Thus, rather than the order parameter experiencing sudden discrete jumps as the states changes their occupation, it now changes continuously with the changing character of the occupied quasiparticle states. This leads to a qualitatively similar decrease in the superconducting order parameter, and the eventual π-shift with increasing V z , as for no spin-orbit interaction, except for the absence of the discrete jumps. The qualitatively similar behavior of the order parameter along the wire is also direct visible in a comparison between Fig. 6 , which is without spin-orbit coupling, and Fig. 8 which is for a finite spin-orbit coupling.
Although we in this work are not primarily concerned with topological superconductivity, we nonetheless marked the non-trivial region in Fig. 7 . The two states closest to the Fermi level in this regime corresponds to the single Majorana The two dots on the lines closest to zero corresponds to eigenvalues for which the combined probability density is plotted in Fig. 9 . fermions at the two wire end points, which are here somewhat hybridized due to a short wire length. This can be verified by looking at the probability density of these two states, which is clearly peaked at the wire end points as displayed in Fig. 9 . We also note that the π-shift of the superconducting order parameter takes place at significantly higher values of V z than the topological phase transition, and are therefore not directly related to each other.
VI. PHASE GRADIENT AND CURRENTS
So far we have focused on the origin and occurrence of the π-shift of the order parameter at the ferromagnetic impurity sites. We now finish with an investigation of any possible phase gradients in the superconducting order parameter in the regions surrounding the magnetic wire. This is par- The combined probability density for the two states closest to E = 0 at Vz = 1, as indicated by dots in Fig. 7 , clearly localized around the two wire end points, as expected for two Majorana fermions.
ticularly relevant as previous work has found persistent currents around ferromagnetic impurities in conventional s-wave superconductors in the presence of spin-orbit interaction. 22, 23 We therefore carefully examine the phase of the superconducting order parameter in the whole sample, paying particular attention to not bias the self-consistency procedure to a real solution. Even when starting the self-consistency loop with a complex phase that is randomly varied from site to site over the phase range of π/10, we find no phase gradients in the whole sample (apart from the discrete π-shift on the wire), for almost all values of the Zeeman exchange field V z of the impurities. It is only in a very narrow region in V z -space, just after the whole wire has transitioned into the π-shifted state, that we find some minor phase gradients in the order parameter. The boundaries of the region with finite phase gradients are indicated by vertical red lines in Figs. 6 and 8, and are largely independent on the spin-orbit coupling.
In Fig. 10 we plot a representative view of the superconducting phase inside this region for zero spin-orbit coupling, but the picture is, even quantitatively, the same for finite spinorbit coupling. As seen, although there is a finite gradient, the difference between the maximum and minimum phase in the region surrounding the wire is less than 0.4 and is therefore small compared to for example those surrounding a vortex, where the phase of the order parameter twists by a full 2π. The resulting currents carried by the superconducting condensate is thus necessarily quite small. Moreover, the phase gradient sets the direction of motion of the Cooper pairs, with the bright and dark spots in the region surrounding the wire thus corresponding to sinks and sources of the current carried by the condensate. While the total current is continuous, as shown in Ref. [23] , this reflects the fact that only part of the total current is actually carried by the superconducting condensate. It is true that a phase gradient in the superconducting order parameter gives rise to a current, related to the center of mass motion of the Cooper pairs, but this is only one possible part of the total current, as also single quasiparticles can carry current. Thus, the persistent currents found for magnetic impurities in spin-orbit coupled superconductors can according to our results not be related to the superconducting order parameter developing phase gradients; we only find finite phase gradients in a narrow window of V z and independent on the presence of spin-orbit coupling, while persistent currents are present for all finite V z but only for finite spin-orbit coupling. We instead interpret the small phase gradients as a consequence of a system instability around the π-shift region and independent on the system hosting persistent currents.
VII. DISCUSSION AND CONCLUSIONS
In this work we have studied a wire built of ferromagnetic impurities embedded in a conventional s-wave superconductor. With increasing magnetic impurity strength, the energy of the impurity-induced YSR states decreases and eventually crosses the Fermi level. We find that these zero-energy crossings result in discrete downward jumps of the superconducting order parameter on the impurity sites, eventually leading to a π-phase shift of the superconducting order parameter in the whole wire. By establishing a way to evaluate how well individual quasiparticle states are in-phase, or in resonance, with the overall superconducting condensate, we can understand these jumps as a direct consequence of the non-resonating character for initially unoccupied YSR states, which once they are pulled below the Fermi level contribute destructively to the order parameter. However, it is clear that pulling a single YSR state below the Fermi level does not necessarily result in a π-phase shift of the order parameter. Rather, such a π-shift only occurs once the out-of-phase states dominate the local contribution to the order parameter. This can easily happen at different magnetic impurity strengths for neighboring sites in the same magnetic wire. We also find that the behavior of the superconducting order parameter is qualitatively the same even in the presence of finite Rashba spin-orbit interaction, except that the discrete jumps are now smooth, as the quasiparticle states mix around the Fermi level. In addition, we establish that the superconducting order parameter only hosts finite phase gradients in and around the ferromagnetic wire in a very narrow window around the π-shift. These phase gradients are small, and are not related to the persistent currents previously found for magnetic impurities in spin-orbit coupled superconductors. 22, 23 Finally, we point out that Figs. 6 and Fig. 8 clearly show that it is possible to engineer various types of π-junctions by tuning the strength of the magnetic impurities.
